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Abstract. We clarify the relation between the improvement of dispersion relations in the fermion sector of
lattice regularized QCD and the improvement of bulk thermodynamic observables. We show that in the
infinite temperature limit the cut-off dependence in dispersion relations can be eliminated up to O(an)
corrections, if the quark propagator is chosen to be rotationally invariant up to this order. In bulk thermody-
namic observables this eliminates cut-off effects up to the same order at vanishing as well as non-vanishing
chemical potential. We furthermore show that in the infinite temperature, ideal gas limit the dependence
of finite cut-off corrections on the chemical potential is given by Bernoulli polynomials which are universal
as they do not depend on a particular discretization scheme. We explicitly calculate leading and next-to-
leading order cut-off corrections for some staggered andWilson fermion type actions and compare these with
exact evaluations of the free fermion partition functions. This also includes the chirally invariant overlap and
domain wall fermion formulations.

PACS. 11.15.Ha; 11.10.Wx; 12.38.Gc; 12.38.Mh

1 Introduction

Numerical studies of lattice regularized QCD face the
problem of lattice discretization errors, which complicate
the extraction of physical results in the continuum limit.
This problem has been addressed ever since the formula-
tion of a systematic improvement scheme for gauge the-
ories by Symanzik [1, 2]. Aside from the now widely used
Symanzik improved gauge actions it also led to tree-level
improved actions for the fermion sector of QCD like the
Naik [3] and p4 [4] staggered fermion actions as well as
the clover [5] and (truncated) perfect actions for Wilson
fermions [6–8].
The reduction of cut-off effects plays a particularly im-

portant role in studies of QCD thermodynamics where
the relevant observables, like energy density or pressure,
are dimension four operators and the numerical signal
for these observables thus drops like the lattice spacing
to the fourth power. This forces one to perform calcu-
lations on rather coarse lattices on which discretization
errors can be significant. In fact, this has been observed
early on in studies of the bulk thermodynamics of SU(3)
gauge theories [9] and the efficiency of improved actions

a e-mail: edwin@physik.uni-bielefeld.de

for studies of gauge theories at high temperature has been
demonstrated [10].
In calculations on lattices with finite temporal ex-

tent Nτ , as required in thermodynamic studies, cut-off
effects obscure strongly the approach to the infinite tem-
perature, ideal gas limit. Improvement schemes for ther-
modynamic calculations therefore have been developed
and tested quite successfully in this limit for both the
gauge as well as the fermion sector of QCD. The qualita-
tive features of the cut-off dependence of thermodynamic
observables present in this limiting case have been found
to carry over to numerical calculations at finite tempera-
tures and are significant even at temperatures as low as
a few times the transition temperature to the quark–gluon
plasma phase.
In this paper we will concentrate on a discussion of cut-

off effects in the fermionic sector of bulk thermodynamic
quantities that are given by derivatives of the QCD par-
tition function with respect to temperature, T , or quark
chemical potential, µ. In particular the latter aspect has so
far not been analyzed systematically. Some results for the
µ-dependence of cut-off effects have been obtained for
the Naik and p4 staggered fermion actions [11–13], trun-
cated perfect actions [14] and for overlap fermions [15].
In fact, in the latter case the question was raised whether
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the introduction of a non-zero chemical potential in the
overlap formalism could spoil the leading order cut-off
dependence of thermodynamic quantities and could rein-
troduce divergences of the type discussed in early stud-
ies of QCD at finite density [16]. We proof here that
this is not the case and give explicit results for the
µ-dependence of cut-off effects in leading and next-to-
leading order in a large-Nτ expansion of bulk thermody-
namics. We show that a non-vanishing chemical poten-
tial only modifies the expansion coefficients but does not
change the structure of the expansion, i.e. actions that are
improved to O(an) at µ= 0 remain improved to that order
also for µ > 0. We will clarify the relation between the im-
provement of dispersion relations and the improvement
of bulk thermodynamic observables and give explicit re-
sults for the large-Nτ expansion of the pressure calculated
with staggered and Wilson type actions. We furthermore
show that these considerations carry over to chirally invari-
ant fermion formulations such as overlap and domain wall
fermions.
We will analyze the relation between rotational in-

variance of quark propagators, improved dispersion rela-
tions and bulk thermodynamic observables in the next
two sections. We further exemplify these results for naive
staggered fermions as well as two popular improved stag-
gered fermion actions, the Naik [3] and the p4 action [4]
in Sect. 4. In Sect. 5 we consider fermion discretizations
of the Wilson type with general couplings on a hy-
percube of size (2a)4. We finally comment on thermo-
dynamics with overlap and domain wall fermions in
Sect. 6 and give our conclusions in Sect. 7. Appendices A
through D contain some useful formulas to make the paper
self-contained.

2 Dispersion relations and the free energy

We will start our discussion of cut-off effects for free
fermions which corresponds to the asymptotic infinite tem-
perature limit of QCD by considering the simplest (naive)
lattice discretization scheme used for the fermion sector of
QCD. This will already demonstrate the main features of
our analysis. For simplicity we also will suppress color and
flavor factors, which are just multiplicative in the infinite
temperature limit.
The partition function for free fermions at tempera-

ture T and for non-vanishing chemical potential µ, defined
on a lattice of size N3σNτ , is given by

Z(V, T, µ,m) =

∫ ∏
x

dψ̄xdψxe
−SF , (1)

where (Nσa)
3 = V and Nτa = 1/T are the volume and

inverse temperature of the system; a denotes the lattice
spacing and SF is the Euclidean action for free fermions of
massm.
In the simplest discretization scheme for fermionic ac-

tions derivatives are replaced by nearest neighbor differ-

ences on a four dimensional lattice,

SF =
∑
x

1

2

(
3∑
k=1

(
ψ̄xγkψx+k̂− ψ̄xγkψx−k̂

)

+eµaψ̄xγ4ψx+4̂− e
−µaψ̄xγ4ψx−4̂

)
+maψ̄xψx .

(2)

Here we also introduced the chemical potential through
the usual exponential form [16]. The Grassmann-valued
fermion fields obey anti-periodic boundary conditions in
the time direction. Note that the transformation ψx,x4 →
e−µx4ψx,x4 , ψ̄x,x4 → e

µx4 ψ̄x,x4 leaves the path integral
over the fermion fields invariant and shifts the entire
µ-dependence of the fermion action into the last time slice.
The Euclidean action thus only depends on the chemical
potential in units of the temperature, µ/T = µaNτ . The
action can be written in momentum space as1

SF =
∑
p,ν

ψ̄(p)iγνDν(p, µ)ψ(p) . (3)

This leads immediately to the denominator of the fermion
propagator

D(p, p4, µ)≡
4∑
ν=1

Dν(p, p4, µ)Dν(p, p4, µ)

=
3∑
k=1

sin2(apk)+sin
2(ap4− iµa) (4)

and allows one to evaluate the partition function explicitly,

Z(V, T, µ, 0) =
∏
p

D2(p, p4, µ) . (5)

Here the momenta take on discrete values, apk = 2πnk/Nσ,
nk = 0,±1, . . . ,±(Nσ/2−1),Nσ/2 and ap4 = 2π(n4+1/2)
/Nτ , n4 = 0,±1, . . . ,±(Nτ/2−1),−Nτ/2.
For our general discussion of cut-off effects that arise

from the finite lattice spacing given in units of the tempera-
ture, aT ≡ 1/Nτ , the spatial extent of the lattice is of less
interest. We thus take the thermodynamic limit, Nσ→∞,
which simplifies the following considerations. We then ob-
tain the pressure of a free fermion gas at temperature T
and for chemical potential µ,

Pa4 = 2

∫ π/2
−π/2

d3ap

(2π)3
1

Nτ

∑
0≤ap4≤π

lnD(p, p4, µ) (6)

= 2

∫ π/2
−π/2

d3ap

(2π)3
1

Nτ

Nτ/2−1∑
n=0

ln
[
ω2(p)

+sin2(2π(n+1/2)/Nτ− iµa)
]
, (7)

1 Here and in the following we consider massless fermions,
with obvious generalization for the massive case.
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with ω2(p) =
∑3
k=1 sin

2(apk). Note that we reduced the
integration and summation intervals to half the Brillouin
zone, which eliminates a factor 16 arising from the 16 so-
called doublers, which emerge in the naive discretization.
We thus normalize to a single quark flavor as we also will do
for other discretization schemes in the following sections.
In order to evaluate the sum over Matsubara modes ap-
pearing in (7) one uses the fact that this sum can be viewed
as the sum over residues resulting from a contour integral
over poles in the complex plane [17],

∑
n

f(rn)→

∮
dr

2πi
f(r)h(r, µ) . (8)

The computational steps given in [17] can easily be
generalized to non-vanishing chemical potential by not-
ing that the entire µ-dependence is contained in the
function h(r, µ),

h(r, µ) =
eµaNτ

r(rNτ +eµaNτ )
, (9)

the poles of which at

rn = exp[i(2π(n+1/2)/Nτ − iµa)] (10)

deliver the sum over the Matsubara frequencies via the
relation

sin2(2π(n+1/2)/Nτ− iµa)) =−
1

4

(
rn−

1

rn

)2
. (11)

Carrying out the sum over the discrete set of momenta
yields

Nτ/2−1∑
n=0

ln
[
sin2(2π(n+1/2)/Nτ − iµa)+ω

2(p)
]

= ln(1+ ze−NτaE(p))+ ln(1+ z−1e−NτaE(p))+const. ,

(12)

where z = exp(µaNτ ) = exp(µ/T ) is the fugacity andE(p)
is the dispersion relation given by the pole of the fermion
propagator, i.e. E(p) is obtained from the zeroes of (4) for
µa= 0,

D(p, E = ip4, 0) = 0 ⇔ ω
2(p)− sinh2(aE) = 0 . (13)

This emphasizes the particular role dispersion relations
play in the study of bulk thermodynamics.
Inserting (13) into (7) and subtracting the zero tem-

perature part of the pressure, (Pa4)0 ≡ limNτ→∞ Pa
4

eliminates ultra-violet divergences and allows us to define
the pressure in the same normalization as it is used in nu-
merical calculations on the lattice,

P

T 4
≡
[
Pa4− (Pa4)0

]
N4τ

=
N3τ
4π3

∫ π/2
−π/2

d3ap
[
ln(1+ z exp(−NτaE(p)))

+ ln(1+ z−1 exp(−NτaE(p)))
]
. (14)

Equation (14) is the starting point for a systematic an-
alysis of cut-off effects in bulk thermodynamic observables
that are obtained from the logarithm of the partition func-
tion, P/T 4≡ limV→∞(V T 3)−1 lnZ, in terms of derivatives
with respect to T or µ. An expansion of P/T 4 around
1/Nτ = 0 yields systematic corrections to the continuum
ideal gas result, which are given in terms of even powers
of 1/Nτ . This arises after introducing yi = pi/T =Nτa pi
as new integration variable in (14) and realizing that the
dispersion relation is an even function in the momenta.
We will discuss this expansion in more detail in the next
section.

3 Improvement of dispersion relations
and bulk thermodynamics

3.1 Generalized dispersion relations and the pressure

We will outline here the arguments that lead to the obser-
vation that also for more general fermion actions than the
one discussed in the previous section there exists a close re-
lation between that branch of the dispersion relation that
survives in the continuum limit and the large-Nτ expansion
of P/T 4.
Similarly to the fermion propagator derived in the pre-

vious section for the naive discretization scheme of the
fermion action one obtains results for general fermion ac-
tions of staggered or Wilson type that also may involve
more complicated terms than the one-link term used in
the previous section. The propagator for free fermions
of staggered type, D(p, p4), can generally be written as
a polynomial2 in sin2(ap4),

D(p, p4) =
n∑
i=0

di(p) sin
2i(a p4) , (15)

where the coefficients di depend on the spatial momentum
components. For Wilson type quarks the inverse propaga-
tor can instead be written as a polynomial in sin2(ap4/2),

D(p, p4) =
n∑
i=0

di(p) sin
2i(ap4/2) . (16)

This is due to the Wilson term, which introduces a term
cos(ap4) = 1−2 sin

2(ap4/2). In both cases, rewriting D in
terms of its n roots, ωi(p),

D(p, k4) = dn(p)
n∏
i=1

[
sin2(ak4)+ω

2
i (p)
]
, (17)

where k4 = p4 for staggered and k4 = p4/2 for Wilson
quarks, immediately gives the n dispersion relations,

sinh2(aεi(p)) =− sin
2(ak4) = ω

2
i (p) , i= 1, . . . , n ,

(18)

2 We give here relations for µa = 0. The chemical potential
can, however, be reintroduced at any stage through the substi-
tution ap4→ ap4− iµa.
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with εi = Ei for staggered and εi = Ei/2 for Wilson type
quarks. Although D is real, the roots can in general
be complex. However, at least for small momenta, the
root that survives the continuum limit, ω1 to be definite,
must be real in order to reproduce the continuum dis-
persion relation, E2(p) = p2. When we insert the right
hand side of (17) in the partition function, (5), we find
that each factor appearing in the product over the n dis-
tinct roots contributes in the evaluation of P/T 4 as a term
in a sum over the different branches, Ei, of the disper-
sion relation. Each term in this sum has the same struc-
ture as the integral appearing in (14). In the large-Nτ
limit, however, all branches that have a gap in the dis-
persion relation at p= 0 give contributions to P/T 4 that
are exponentially suppressed for large-Nτ . Also for more
general actions, (14) thus is the starting point for the an-
alysis of cut-off effects in the large-Nτ limit. In order to
analyze power-like corrections to bulk thermodynamics in
the continuum limit it suffices to analyze the properties
of E(p)≡E1(p).

3.2 Rotational invariance, improved dispersion
relations and improved thermodynamics

For both standard staggered and standardWilson fermions
the dispersion relation receivesO(a2) corrections,

E2(p) = p2+O(a2p4)+O

(
a2

3∑
k=1

p4k

)
, (19)

with p2 = p2 =
∑3
k=1 p

2
k. Improving the dispersion relation

moves the leading O(a2) lattice artifacts to some higher
order n. For this purpose it suffices to construct an action
with rotational invariance maintained to this order. To see
how this works let us briefly discuss the dispersion relation
for standard staggered fermions, which is identical to (13).
Expanding this relation for small values of apk and aE up
to terms of order p4k and E

4 yields

E2−p2+
1

3

3∑
k=1

a2p4k+
1

3
a2E4 = 0 , (20)

which has the solution

E2(p) = p2−
1

3
a2p4−

1

3

3∑
k=1

a2p4k , (21)

i.e. corrections to the continuum result, E(p) = p, start at
O(a2). In a similar way we may proceed for improved ac-
tions that have a Euclidean propagator that is rotationally
invariant at O(p4), i.e. it still may contain corrections at
O(a2); however, terms proportional to a2

∑
µ p
4
µ are ab-

sent. The important new feature is that the lowmomentum
expansion ofD, for the branchE1 surviving the continuum
limit, now has the form

(
E21 −p

2
)
[1+f(apk, aE1)]+O

(
a4p6µ

)
= 0 , (22)

with f(apk, aE1) = const a
2
(
E21 −p

2
)
, which leads to

E21 = p
2+O

(
a4p6µ

)
. (23)

In general, if the propagator can be factorized, up to order
anpn+2µ , into a factorE21 −p

2, withE1 corresponding to the
lowest root, times 1 plus some function f(apk, aE1) that
starts at O(a2), then

a−2D(E1,p)

=
(
E21 −p

2+O
(
anpn+2µ

))
[1+f(apk, aE1)]+O

(
anpn+2µ

)
(24)

and the dispersion relation receives O(pn+2) corrections
only; i.e., it is O(an−2) or O(pn) improved.
Suppose now that the dispersion relation is O(an−2)

improved,

E21 = p
2+O

(
anpn+2µ

)
. (25)

In this case the corrections to E1/T start at O(N−nτ ),

E1

T
=NτaE1 =

p

T

[
1+O

(
1

Nτ

p

T

)n]
=
p

T
[1+∆] , (26)

where∆ is a polynomial with only even powers in 1/Nτ .
We may now use this expansion to evaluate correc-

tions to the continuum result for the pressure. To do
so we rearrange the argument of the logarithms in (14);
with yi = pi/T = Nτapi, y = p/T =

√
y21+y

2
2+y

2
3 and

∆≡∆(y1/Nτ , y2/Nτ , y3/Nτ ), one has

1+Ae−E1/T = (1+Ae−y)(1−B(1− e−y∆)) , (27)

where B is given as B(y,A) = 1/(A−1ey+1) and A = z
or z−1, respectively. After expanding in ∆ one then finds
for the logarithms appearing in (14)

ln(1+A exp(−NτaE(p)))

= ln(1+Ae−y)−By∆+O(∆2) . (28)

While the first term will give the continuum ideal gas re-
sult for the pressure of a fermion gas, the second term and
further higher order corrections will generate a systematic
expansion in powers of 1/Nτ . This shows that improving
the dispersion relation to a certain order in 1/Nτ imme-
diately leads to an improvement of the high temperature
limit of free energy, pressure and other thermodynamic ob-
servables derived from these to the same order. This also is
the case for derivatives of P/T 4 with respect to the chem-
ical potential, such as the quark number density or higher
order susceptibilities. We will expand on this in the next
subsection. In the following it also will be convenient to in-
troduce polar coordinates for yi, which allows us to think of
the cut-off dependence as entering only in the radial com-
ponent, i.e. we take the arguments of ∆ to be y/Nτ , φ and
θ and rewrite it as

∆≡∆(y/Nτ , φ, θ) =
∞∑
k=1

a2k(φ, θ)

(
y

Nτ

)2k
. (29)

The lowest non-vanishing contribution will appear at
k = n/2.
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3.3 Cut-off dependence of the pressure

We are now in a position to discuss the systematic ex-
pansion of the pressure in inverse powers of Nτ and
analyze systematically cut-off effects and their depen-
dence on temperature (aT = 1/Nτ ) as well as chemical
potential (µ/T = µaNτ ). We insert (27) into (14) and
obtain

P

T 4
=

(
P

T 4

)
SB

+
2

(2π)3

∫ πNτ
0

y2dy

∫ π
0

sin θdθ

∫ 2π
0

dφ

×
[
ln
(
1−B(y, z)

(
1− e−y∆

))
+ ln
(
1−B(y, z−1)

(
1− e−y∆

))]
, (30)

where the leading order ideal gas term is given by

(
P

T 4

)
SB

=
1

π2

∫ ∞
0

dyy2[ln(1+ ze−y)+ ln(1+ z−1e−y)]

=
4π2

3
B4

(
1

2

(
1− i

µ

πT

))

=
7π2

180

[
1+
30

7

( µ
πT

)2
+
15

7

( µ
πT

)4]
. (31)

Note that the well-known ideal gas result for the pressure
is an even Bernoulli polynomialB4 of degree 4 in the chem-
ical potential. In the following we will argue that similarly
to the leading term also the corrections at order N−2nτ are
Bernoulli polynomials in µ/(πT ) of degree (4+2n), which
might be less obvious.
As the entire cut-off dependence in (30) arises from

the cut-off dependence of the dispersion relation, i.e. from
∆ =∆(y/Nτ , φ, θ), we may first expand the pressure in
a Taylor series around y∆(0, φ, θ) = 0. After noting that
derivatives with respect to y∆ can be replaced by deriva-
tives with respect to y we arrive at

P

T 4
−

(
P

T 4

)
SB

=
1

4π3

∞∑
n=1

1

n!

∫ πNτ
0

dyy2
∫ π
0

sin θdθ

×

∫ 2π
0

dφ(y∆)n
(
∂n−1B(y, z)

∂yn−1
+
∂n−1B(y, z−1)

∂yn−1

)
.

(32)

Using the representation of∆ given in (29) we now can re-
arrange the above series and obtain an expansion in even
powers of 1/Nτ ,

P

T 4
−

(
P

T 4

)
SB

=
∞∑
k=1

A2kP2k

( µ
πT

)( π
Nτ

)2k
, (33)

where A2k results from the integration over angular vari-
ables and P2k(µ/πT ), the chemical potential dependent
part, is given in terms of a Bernoulli polynomial that re-

sults from the integration over the radial coordinate y,

P2k

( µ
πT

)
≡

1

(2−3−2k−1)b4+2k
B4+2k

(
1

2
− i
1

2

µ

πT

)

=
k+2∑
l=0

(−1)2+k−l
(
4+2k

2l

)

×
22l−1−1

23+2k−1

b2l

b4+2k

( µ
πT

)4+2k−2l
, (34)

with bn denoting Bernoulli numbers. The functions Pn
have been normalized such that Pn(0) = 1. Note that the
ideal gas result can similarly be written as A0P0(µ/πT )
with A0 = 7π

2/180. We give some more details on the
derivation of (33) and the definition ofA2k in Appendix A.
The point we want to stress here is that the dependence of
cut-off effects on the chemical potential arises only through
a Bernoulli polynomial of degree 4+2k. For the particu-
lar complex argument appearing in (34) the Bernoulli
polynomial contains only even powers of the chemical
potential, reflecting the particle–anti-particle symmetry,
µ↔−µ, of the partition functions. We also note that
all terms in (34) are positive. Cut-off effects thus be-
come larger with increasing µ/T , although the effect is
small as exact evaluations of the pressure for fixed Nτ
show [11].
Equations (33) and (34) are the main result of this

section. With this we have shown that in the high tem-
perature, ideal gas limit of QCD cut-off effects in the
fermion sector of bulk thermodynamic observables can be
traced back to the cut-off dependence of the dispersion
relation for the quark propagator. The structure of the
cut-off dependence is preserved at non-zero chemical po-
tential µ, i.e. actions that are improved to a certain order
in aT ≡ 1/Nτ at µ = 0 are so also for µ > 0. Moreover,
we find that the µ-dependence of cut-off effects is univer-
sal, i.e. µ-dependent correction factors at O(Nnτ ) are in-
dependent of the discretization and improvement schemes
and are proportional to a Bernoulli polynomial of degree
4+n.
In the following we give explicit results for cut-off

dependent corrections to the continuum ideal gas limit
for several fermion actions and compare the asymptotic
large Nτ behavior derived in this section with an explicit
evaluation of partition functions at small values ofNτ .

4 Staggered type quarks

We nowwant to apply the general considerations presented
in the previous section to the case of staggered fermions.
We restrict ourselves to the class of staggered actions that
contain terms with fermion and anti-fermion fields sepa-
rated by up to three links,

SF =
∑
x,y

χ̄(x)M(x, y)χ(y) , (35)
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with

M(x, y)

=
4∑
µ=1

ηµ(x)

( ∑
i=1,3

ci,0[δ(x+ iµ̂, y)− δ(x− iµ̂, y)]

+
∑
ν �=µ

∑
j=±2

c1,j [δ(x+ µ̂+ jν̂, y)− δ(x− µ̂+ jν̂, y)]

)
.

(36)

To reproduce the correct continuum limit the expansion
coefficients are constrained by the relation

c1,0+3c3,0+6c1,2 =
1

2
. (37)

Within this class of staggered fermion actions one can con-
struct actions that are rotationally invariant up to O(p4),
i.e. the denominator of the fermion propagator, D(p), be-
comes a function of only p2 up to this order. This can be
achieved with the additional constraint [4]

c1,0+27c3,0+6c1,2 = 24c1,2
(37)
−−−→ c1,2 = 1/48+ c3,0 .

(38)

Particularly well-known versions of three-link actions that
are currently used in studies of QCD thermodynamics
with staggered fermions are the Naik action [3], for which
c1,2 ≡ 0, and the p4 action [4], where c3,0 ≡ 0.
For the general three link action, not yet restricted to

the subset of rotational invariant propagators, the propa-
gator in momentum space is a polynomial of degree 3 in
sin2(ap4), i.e. it is of the generic form given in (15). Fol-
lowing the discussion presented in the previous section one
may work out the dispersion relation on the branch that
survives in the continuum limit. For the leading correction
to the continuum result one finds

E1

p
= 1−

1

6
(1−48(c1,2− c3,0))

(
p2+

1

p2

3∑
k=1

p4k

)
a2

+O(a4) , (39)

where we have used (37) to eliminate c1,0.
As corrections to the continuum dispersion relation,

E1 = p, start at O(a2), bulk thermodynamic observables
will receive cut-off dependent corrections starting at the
same order, (aT )2 = 1/N2τ . Equation (39) and (38), how-
ever, show that all three link actions with a rotationally
invariant propagatorwill lead to anO(a2) improved disper-
sion relation and thus also toO(a2) improved bulk thermo-
dynamics. In the class of three link staggered fermion ac-
tions one finds for theO(a2) improved dispersion relations

E1

p
= 1+

3

40

{
p4−

1

p2

3∑
k=1

p6k

}
a4

−
1

756
(1+1344c3,0)

(
p3−

1

p

∑
i<j

p2i p
2
j

)2
a6

+
1

14
(p1p2p3)

2a6+O(a8) . (40)

We note that all three link actions lead to identical leading
order corrections to the continuum dispersion relation but
differ at subleading order. According to the discussion pre-
sented in the previous section, this feature will carry over
also to the cut-off dependence of bulk thermodynamics at
zero and non-zero chemical potential.
We have evaluated the leading cut-off dependent cor-

rections to the continuum ideal gas pressure for a generic
three-link, staggered fermion action up to O(1/N6τ ) using
Mathematica to perform the expansion of the integrand
appearing in (30) in inverse powers of Nτ . For the pressure
we find

180

7π2

[
P

T 4
−

(
P

T 4

)
SB

]

=
248(1−48(c1,2− c3,0))

147
P2

( µ
πT

)( π
Nτ

)2

+

(
635

147
+
16256(c3,0− c1,2)

35
+
2365248(c3,0− c1,2)2

245

)

×P4
( µ
πT

)( π
Nτ

)4

+
73

2079

(
1+6528c3,0+(1−48(c1,2− c3,0))

×
(
571+1018368c21,2+51888c3,0+1331712c

2
3,0

−48c1,2(1217+48960c3,0)
))
P6

( µ
πT

)( π
Nτ

)6

+O((π/Nτ )
8) , (41)

with Pn defined in (34). Results for the standard staggered
(one-link) action as well as for the class of O(a2) improved
three-link actions, for which c1,2 = 1/48+ c3,0, are easily
read off from (41). In Table 1 we give the expansion coeffi-
cients for the standard staggered action as well as the Naik
and p4 actions. We note that coefficients of the subleading
corrections to the pressure calculated with the standard
staggered action as well as with the Naik action are larger
than the leading expansion coefficient. The subleading cor-
rection for the Naik action is a factor 137 larger than for the
p4 action.
It is instructive to compare the asymptotic large-Nτ

behavior of the cut-off dependent corrections to the con-

Table 1. Coefficients in the series expansion ((33)) for the
pressure calculated using different actions. The expansion co-
efficients have been normalized to the ideal Fermi gas value
at vanishing chemical potential, A0 ≡ (p/T

4)SB(µ/T = 0) =
7π2/180

action A2/A0 A4/A0 A6/A0

std. staggered 248/147 635/147 3796/189
Naik 0 −1143/980 −365/77
p4 0 −1143/980 73/2079

std. Wilson 248/147 635/147 13351/8316
hypercube −0.242381 0.114366 −0.0436614

overlap/ 248/147 635/147 3796/189
domain wall



P. Hegde et al.: Lattice cut-off effects and their reduction in QCD thermodynamics 429

Fig. 1. The pressure for staggered type quarks normalized to
the continuum Stefan Boltzmann limit. The upper panel shows
results for the (standard) 1-link action and the lower panel
gives results for the Naik and p4 actions. In both cases we com-
pare exact results, calculated on lattices with temporal extent
Nτ and infinite spatial extent, with the leading 1/N

n
τ correc-

tion. Note the different vertical scales

tinuum ideal Fermi gas with the exact results for the pres-
sure evaluated at fixed values of Nτ by using (6). At van-
ishing chemical potential this is shown for standard stag-
gered, Naik and p4 improved fermions in Fig. 1. Here we
have normalized the exact lattice results to the continuum
Stefan-Boltzmann limit, 7π2/180. We note that the ex-
act calculation of the partition function at fixed values
of Nτ reproduces the basic pattern derived from the lead-
ing orders of the large-Nτ expansion. Cut-off effects in the
pressure are reduced when using improved discretization
schemes.

5 Wilson type quarks

We will now consider the case of Wilson fermions. Since
in the interacting case cut-off effects arise in the Wil-
son fermion formulation already at O(ag2) improvement

schemes developed for Wilson fermions have primarily fo-
cused on removing terms linear in the cut-off (clover im-
proved actions [5]). Actions that are O(a2g0) improved
received much less attention and, in fact, are currently not
exploited in studies of QCD thermodynamics with Wilson
fermions. Nonetheless, removing or at least reducingO(a2)
effects in the Wilson fermion formulations is as important
as in the staggered case when one wants to perform stud-
ies of QCD thermodynamics at high temperature within
this discretization scheme. We will discuss here a generic
Wilson type action with couplings constrained to a hyper-
cube of size (2a)4. This type of action is discussed in the
context of truncated fixed point actions [8, 18]. Some ex-
ploratory studies of thermodynamics with dynamical hy-
percube fermions have been presented in [19]. The Dirac
matrix for this generic Wilson action can be written as

M(x, y) =
4∑
µ=1

γµρµ(x−y)+λ(x−y) (42)

with

ρµ(x−y) = ρ1[δ(y, x+ µ̂)− δ(y, x− µ̂)]

+ρ2
∑
ν̂

[δ(y, x+ µ̂+ ν̂)− δ(y, x− µ̂+ ν̂)]

+ρ3
∑
ν̂,ρ̂

[δ(y, x+µ̂+ ν̂+ ρ̂)−δ(y, x−µ̂+ ν̂+ ρ̂)]

+ρ4
∑
ν̂,ρ̂,σ̂

[δ(y, x+ µ̂+ ν̂+ ρ̂+ σ̂)

− δ(y, x− µ̂+ ν̂+ ρ̂+ σ̂)] (43)

for the vector terms and

λ(x−y) = λ0δ(y, x)

+λ1
∑
µ̂

[δ(y, x+ µ̂)+ δ(y, x− µ̂)]

+λ2
∑
µ̂,ν̂

[δ(y, x+ µ̂+ ν̂)+ δ(y, x− µ̂+ ν̂)]

+λ3
∑
µ̂,ν̂,ρ̂

[δ(y, x+µ̂+ ν̂+ ρ̂)+δ(y, x−µ̂+ ν̂+ ρ̂)]

+λ4
∑
µ̂,ν̂,ρ̂,σ̂

[δ(y, x+ µ̂+ ν̂+ ρ̂+ σ̂)

+ δ(y, x− µ̂+ ν̂+ ρ̂+ σ̂)] (44)

for the scalar ones. The sums over ν̂, ρ̂ and σ̂ extend over
positive and negative directions and are mutually orth-
ogonal to each other and to µ̂. Examples for this type of
action are the standardWilson action (including the clover
improved version of it) and the hypercube truncated per-
fect action [8, 18], with coefficients as listed in Table 2 for
the massless case.
The denominator of the fermion propagator, D(p), is

most conveniently written as

D(p, p4) =R(p)+2P (p) cos(ap4)+Q(p) cos
2(ap4) .

(45)
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Table 2. Coefficients ρi and λi for standardWilson quarks and
for the hypercube action

Hypercube Wilson Hypercube Wilson

λ0 1.852720547 4
ρ1 0.136846794 1/2 λ1 −0.060757866 −1/2
ρ2 0.032077284 0 λ2 −0.030036032 0
ρ3 0.011058131 0 λ3 −0.015967620 0
ρ4 0.004748991 0 λ4 −0.008426812 0

Note that this complies with (16), since cos(ap4) is to be
rewritten as 1−2 sin2(ap4/2). The coefficients P , Q and R
depend on p and are listed in Appendix B. The require-
ment that in the limit of apµ→ 0 for all µ = 1, . . . , 4 the
continuum dispersion relation is obtained leads to the con-
straints [20]

2ρ1+12ρ2+24ρ3+16ρ4 = 1 , (46a)

λ0+8λ1+24λ2+32λ3+16λ4 = 0 . (46b)

Moreover, demanding that the so-called doublers receive
a non-vanishing mass at the corners of the Brillouin zone,
apµ = π for one or more component µ, introduces further
conditions to be satisfied by the λ coefficients,

λ0+4λ1−16λ3−16λ4 �= 0 , (47a)

λ0−8λ2+16λ4 �= 0 , (47b)

λ0−4λ1+16λ3−16λ4 �= 0 , (47c)

λ0−8λ1+24λ2−32λ3+16λ4 �= 0 . (47d)

In the standard Wilson action these conditions are real-
ized such that the so-called doubler masses are 2/a, 4/a,
6/a and 8/a, while for hypercube fermions these masses are
� 2/awith deviations of at most 2 per cent for all corners.3

We may now go through the steps outlined in Sect. 2
to determine the cut-off dependence of dispersion rela-
tions and bulk thermodynamics. We start by expanding
the quark propagator, (45), for small momenta, taking into
account the constraints given in (46b),

D(p, p4) = (pa)
2

−
1

3
(12ρ2+48ρ3+48ρ4−1)

(
(pa)4−

4∑
i=1

(api)
4

)

+O(a6) . (48)

With the couplings in the hypercube action as listed in
Table 2 the propagator receives O(a2) corrections, which
however are small when compared to the standard one-
link Wilson action. For the latter the prefactor in (48)
equals 1/3, while for the hypercube action it is −0.0479.
Of course, with an appropriate choice of the couplings ρ2,
ρ3 and ρ4 one can also eliminate the O(a2) corrections to

3 Note that with five equations the λ coefficients can be de-
termined uniquely once the doubler masses have been fixed.
Indeed, fixing these masses to 2/a leads to the HF scalar cou-
plings within 2 per cent accuracy.

the propagator of the hypercube Wilson action completely,
making it rotation invariant up to that order.
Turning now to the dispersion relation, from (45) one

obtains, for the branch relevant to the continuum limit,

sinh2
(
aE1

2

)
=−
1

2

(
1+
P +
√
P 2−QR

Q

)
. (49)

The low momentum expansion of this dispersion relation
yields

E1

p
= 1+

1

6
(12ρ2+48ρ3+48ρ4−1)

(
p2+

1

p2

3∑
k=1

p4k

)
a2

+O(a4) . (50)

We note that for standard Wilson fermions (ρ2 = ρ3 =
ρ4 = 0) the leading order correction to the continuum dis-
persion relation is identical to that of staggered fermions.
This will, of course, carry over also to the leading cor-
rections to bulk thermodynamic observables. Moreover,
the choice −1+12ρ2+48ρ3+48ρ4 = 0 not only removes
the rotational symmetry breaking term, ∼

∑3
k=1 p

4
k, in the

propagator and the dispersion relation, but eliminates the
O(a2) corrections completely.
Using the dispersion relation for the hypercube action,

(49), in our basic relation for the pressure, (30), we again
can perform a systematic expansion for largeNτ . With this
we obtain for the leading cut-off corrections to the con-
tinuum pressure

180

7π2

[
P

T 4
−

(
P

T 4

)
SB

]

=−
248

147
(−1+12ρ2+48ρ3+48ρ4)P2

( µ
πT

)( π
Nτ

)2

+
127

735

(
25+3492ρ22+55872ρ

2
3−2148ρ4+55872ρ

2
4

+2328ρ3(−1+48ρ4)+3ρ2(−209+9312ρ3+9312ρ4)
)

×P4
( µ
πT

)( π
Nτ

)4

+h6P6
( µ
πT

)( π
Nτ

)6
+O((π/Nτ )

8) . (51)

The explicit form of h6 is rather lengthy. It is given in Ap-
pendix C.
In Fig. 2 we compare exact results for the pressure ob-

tained with standard Wilson fermions and the hypercube
action with the leading order large-Nτ expansion obtained
in this section. As can be seen in Fig. 2 (upper panel) the
standard Wilson action and standard staggered fermions
have identical leading order cut-off errors and consequently
follow an identical pattern for large Nτ , e.g. for Nτ � 10.
Cut-off effects for the hypercube action are significantly
reduced and of similar magnitude as for the improved stag-
gered actions (Fig. 2 (lower panel)). Cut-off dependent cor-
rections at small values ofNτ are already close to the result
obtained from the leading order expansion reflecting that
higher order corrections are small. This also is apparent
from the higher order corrections listed in Table 1.
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Fig. 2. Pressure for standard Wilson fermions (upper panel)
and hypercube Wilson fermions (lower panel) normalized to
the continuum Stefan Boltzmann result. In the upper panel we
compare the results obtained with standard Wilson fermions
to that of standard staggered fermions. Both discretization
schemes have identical cut-off errors in leading order 1/N2τ . The
lower panel compares results for the hypercube action with the
p4 action

6 Overlap and domain wall fermions

Let us now comment on bulk thermodynamics with chi-
rally invariant fermion formulations, e.g. overlap [21, 22]
and domain wall fermions [23, 24]. The free field limit of
chiral fermion formulations [25] has recently been used
to analyze the cut-off dependence of spectral functions
at high temperature [26]. We follow this discussion here
closely to explore the cut-off dependence of bulk thermo-
dynamics in lattice formulations that use chiral fermion
formulations, e.g. overlap or domain wall fermions with
standard Wilson kernel.
It is known that in the free field limit the dispersion re-

lations for overlap and domain wall fermions are given by
the standard (staggered) dispersion relation up to a con-
straint, which only alters the large momentum part of the
dispersion relations [25]. As we have seen in the previ-

ous sections this part of the spectrum does not influence
the large-Nτ expansion of thermodynamic quantities. Fol-
lowing the general discussion of cut-off effects given in
Sect. 2 we thus expect that the 1/Nτ expansion for the
cut-off dependence of the pressure and related thermody-
namic quantities is identical to that of standard staggered
fermions. As outlined in Sect. 2 this also includes the de-
pendence on a non-zero chemical potential. Nonetheless,
in particular for the case of overlap fermions the ques-
tion has been raised whether the fact that one has to take
a square root of e.g. the Wilson fermion operator may lead
to difficulties in reproducing the correct continuum ther-
modynamics at non-zero chemical potential [15]. Indeed,
the presence of a square root in the basic relation for the
partition function (see (57)) leads to cuts that so far did
not show up in our general discussion of bulk thermody-
namics in the ideal gas limit. We will, however, show that
the cut contributions are exponentially suppressed and do
not contribute to the 1/Nτ expansion of the pressure.
We outline here the basic steps that allow us to re-

late also in the overlap formalism the basic properties of
the dispersion relation with the cut-off dependence of the
pressure. Some more technical considerations are given in
Appendix D.
We work with the following form of the (massless) over-

lap operator [25, 26]:

D =
1

a

(
1+

X
√
X†X

)
. (52)

Here X = DW− 1, where DW is a nonchiral, undou-
bled fermion operator like the standard Wilson operator
discussed in the previous section. In momentum space
X(p, p4) takes on the form

X(p, p4) =
1

a

(
i
4∑
ν=1

γν sin(apν)+2
4∑
ν=1

sin2(apν/2)−1

)
.

(53)

In order to keep the notation simple we do not explicitly in-
troduce a chemical potential. It can, however, at any step
be reintroduced through the replacement ap4→ ap4− iµa.
The fermion propagator of the overlap operator is then

given by

D(p, p4) =
1

2

(
1−

∑4
ν=1 iγν sin(apν)√
S2+A2−A

)
, (54)

where

A≡A(p, p4) = 1−2
4∑
ν=1

sin2(apν/2)

S2 ≡ S2(p, p4) =
4∑
ν=1

sin2(apν) . (55)

From (54) we see that the poles of the fermion propagator
are given by

√
A2+S2−A= 0 ⇔ S2 = 0 , A > 0 . (56)



432 P. Hegde et al.: Lattice cut-off effects and their reduction in QCD thermodynamics

Thus, overlap fermions have indeed exactly the same dis-
persion relation as naive fermions up to a constraint,A> 0.
The constraint is automatically satisfied at small momenta
but has no solutions near the edge of the Brillouin zone,
thus avoiding the doubling problem. As pointed out in [26]
this carries over to similar relations for the propagator and
the poles of free domain wall fermions in the limit of infinite
fifth dimension.
With this we obtain for the pressure

Pa4 =
2

(2π)3

∫ π
−π
d3ap

1

Nτ

∑
ap4

ln

(
1−

A
√
A2+S2

)
. (57)

In (57) the appearance of a square root, of course, does
not create any problems; its argument is positive and the
pressure thus can be evaluated for any fixed temporal lat-
tice extent Nτ . The discussion of the large-Nτ expansion,
however, becomes somewhat more complicated than in the
cases considered in the previous sections.We also note that
we did not reduce the integration range, as has been done
for naive fermions to eliminate contributions from dou-
blers. Integrals and momentum sums still extend over the
whole Brillouin zone. Let us denote x≡ sin(ap4/2). The ex-
pression for the pressure may be shown to take the form

Pa4 =
2

(2π)3

∫ π
−π
d3ap

1

Nτ

∑
ap4

ln

(
1+

1
√
2

x2+ c2−1/2
√
c2x2+ b2

)
,

(58)

where

b2 =
∑
i<j

sin2 api/2 sin
2 apj/2+1/8

=
1

8
(1+ω2+4(c4− c2)) ,

c2 =
3∑
i=1

sin2 api/2 , ω
2 =

3∑
i=1

sin2 api . (59)

The argument of the logarithm may be written as a qua-
dratic form in ξ =

√
c2x2+ b2, given by

(
ξ2+ c2

√
2ξ+(c2(c2−1/2)− b2)

)/(√
2c2ξ
)
. (60)

Hence the numerator may be factorized to obtain

Pa4 =
2

(2π)3

∫ π
−π
d3ap

1

Nτ

∑
ap4

(
ln
(√
c2x2+ b2− ξ+

)

+ln
(√
c2x2+ b2− ξ−

)
−
1

2
ln(c2x2+ b2)

− ln
(√
2c4
))
, (61)

with ξ± = −c2/
√
2 ±
√
b2− (c4− c2)/2 = −c2/

√
2 ±√

(1+ω2)/8. The last term in (61) is easily identified as
a vacuum term that gets canceled once we subtract the
zero temperature contribution to the pressure. The third
term has a structure similar to that discussed for stag-
gered fermions. It corresponds to a dispersion relation that

approaches a non-zero value for small momenta and thus
will not contribute to a 1/Nτ expansion for the pressure,
i.e. it only leads to exponentially small contributions. We
thus have to understand theNτ -dependence of the first two
terms. To do so we first carry out the sum over p4, which
can be done in close analogy to the cases discussed above
by first considering the sums

S± =
d

dξ±
1

Nτ

∑
ap4

ln
(√
c2x2+ b2− ξ±

)

=−
1

Nτ

∑
ap4

1
√
c2x2+ b2− ξ±

. (62)

This sum can be evaluated using the same contour inte-
gral technique [17] exploited in the case of staggered and
Wilson fermions. It, however, needs a bit more care, as
through the replacement of x2 = sin2(ap4/2) by a complex
variable, x2 =−(z−1/z)2/4, the square root in (62) will
have cuts. These contribute to the contour integral. Addi-
tional residues appear when doing the sum for ξ+ as poles
appear in (62) for small momenta when ξ+ > 0. We discuss
the calculation of S± in Appendix D and show there that
contributions arising from the cuts differ from a vacuum
contribution only by exponentially small terms and thus do
not contribute to the large-Nτ expansion of the pressure.
This expansion thus receives contributions only from the
first term in (62) and only from that part of the momentum
integral where ξ+ > 0. We thus find

P

T 4
≡
[
Pa4− (Pa4)0

]
N4τ

=
2N3τ
(2π)3

∫
d(p)

d3ap
∑
ap4

ln

(√
c2 sin2(ap4/2)+ b2− ξ

+

)

−
2N4τ
(2π)4

∫
d(p)

d4ap ln

(√
c2 sin2(ap4/2)+ b2− ξ

+

)

+O(e−αNτ ) , (63)

where d(p) denotes the section of the 3D Brillouin zone,
in which ξ+ > 0, i.e. for which 1+ω2 > 4c4 holds. As dis-
cussed in Appendix D this result also holds for non-zero
chemical potential, with the replacement ap4→ ap4− iµa.
We are thus left with an expression very similar to what

we have discussed in the previous sections and can express
the pressure for overlap fermions through the poles of the
denominator appearing in (62),

sinh2(E+/2)≡
1

4

(
z+i −

1

z+i

)2
=
b2− (ξ+)2

c2

=−
1

2

(
1−
√
1+ω2

)
⇔ sinh2 E+ = ω2 .

(64)

We now can integrate (62) to arrive at explicit expres-
sions for the Matsubara sums of logarithms. After sub-
tracting again the zero temperature contribution to the
pressure one then obtains for the pressure in the overlap
formalism an expression that agrees with the correspond-
ing result for staggered fermions, (14) in a limited region of
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the Brillouin zone that includes p= 0. Aside from this the
pressure for overlap fermions receives only contributions
that are exponentially small in Nτ . This confirms that the
large-Nτ expansion for the pressure in the overlap formu-
lation agrees with that of staggered fermions. As indicated
at the beginning of this section this could have been an-
ticipated, for we know that the two actions have the same
dispersion relation at small momenta.
For fixed values of Nτ the exact expression for the

pressure, (57), of course, differs from that of naive stag-
gered fermions and cut-off effects thus will be different.
Using (57) we have evaluated the pressure for small values
ofNτ explicitly. The results are compared to corresponding
calculations performed for standard staggered and Wilson
fermions as well as to the common leading order large-
Nτ expansion result in Fig. 3 (upper panel). We note that
the cut-off dependence introduced by the overlap opera-
tor for small values of Nτ is smaller than in the staggered

Fig. 3. Pressure for overlap fermions based on the application
of the Ginsparg–Wilson operator on a standard Wilson opera-
tor (upper panel) and for the domain wall operator using the
same kernel with domain wall heightM5 = 1 (lower panel). The
large-Nτ expansion for both discretization schemes coincides
with that of the standard staggered action. In both figures we
compare with the leading order 1/N2τ result

fermion discretization scheme. In fact, it is remarkable that
already for Nτ = 8 the exact result for overlap fermions is
close to the leading order result of the large-Nτ expansion.
For Nτ � 12 all one-link discretization schemes yield very
similar results and are in good agreement with the leading
order large-Nτ expansion.
We finally comment on the ideal gas limit for domain

wall fermions. This has previously been analyzed numer-
ically on finite space-time lattices [27]. In the analysis of
the cut-off dependence of bulk thermodynamics with do-
main wall fermions an additional complication arises. One
has to introduce additional degrees of freedom, Pauli–
Villar regulators, which eliminate divergences that arise
from the infinite number of heavy fermion fields present
in the limit of infinite fifth dimension [28]. The calcula-
tion of the free fermion partition function for domain wall
fermions, i.e. the free fermion determinant, thus is some-
whatmore involved [29]. Nonetheless, after diagonalization
in momentum space the regularized domain wall fermion
determinant takes on a simple form in the limit of infinite
extent of the fifth dimension. For massless fermions one
obtains

detDDW =
∏
p,p4

N (p, p4) , (65)

with

N (p, p4) = 2

(
1+

S2+W 2−1√
(1+S2+W 2)2−4W 2

)
. (66)

Here S2 has been defined in (55) and W = 1−M5−
2
∑4
ν=1 sin

2(apν/2) for domain wall heightM5.
As mentioned before also domain wall fermions have

the same dispersion relation as staggered fermions, up to
a constraint, which cuts off the spectrum for large mo-
menta. The large-Nτ expansion of bulk thermodynamics
in the ideal gas limit thus again will be identical to that
of naive staggered fermions. Moreover, for vanishing lat-
tice spacing in the fifth dimension and infinite extent in
this direction the domain wall Dirac operator is identical
to the overlap operator. It thus may not be surprising that
the cut-off effects in the domain wall and in the overlap
formalism are quite similar in the free field limit. Differ-
ences arise because the sign function is introduced in the
domain wall formalism through a discrete set of additional
fermion fields [28]. We limit our discussion of cut-off ef-
fects in thermodynamics with domain wall fermions here to
a comparison of the exact evaluation of the pressure in the
domain wall and overlap discretization schemes. With (65)
and (66) the pressure of free massless domain wall fermions
is obtained as

P

T 4
≡
[
Pa4− (Pa4)0

]
N4τ

=
2N3τ
(2π)3

∫ π
−π
d3ap

∑
ap4

lnN (p, p4)

−
2N4τ
(2π)4

∫ π
−π
d4ap lnN (p, p4) . (67)
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In Fig. 3 (lower panel) we show results from a direct eval-
uation of this expression for some values of Nτ and for
domain wall heightM5 = 1, which corresponds to the case
discussed above for overlap fermions. As can be seen cut-
off effects differ for small values of Nτ but rapidly become
similar for Nτ � 8.

7 Conclusions

We have analyzed here cut-off effects that arise in lattice
calculations of bulk thermodynamic observables at high
temperature and vanishing as well as non-vanishing chem-
ical potential. We have shown that in the high tempera-
ture, ideal gas limit of QCD cut-off effects in fermionic
observables can be traced back to the cut-off dependence
of the dispersion relation for the quark propagator. The
structure of the cut-off dependence is preserved at non-
zero chemical potential µ, i.e. actions which are improved
to a certain order in aT ≡ 1/Nτ at µ = 0 are so also for
µ > 0. We could show that the µ-dependence of cut-off
effects is universal, i.e. µ-dependent correction factors at
O(Nnτ ) are independent of the discretization and improve-
ment schemes. They are given in terms of a Bernoulli poly-
nomial of degree 4+n; cut-off corrections at order 1/Nnτ
depend on an even polynomial in µ/πT of degree 4+nwith
positive coefficients only.
We have shown that the considerations on cut-off

effects in thermodynamics with staggered and Wilson
fermions carry over to chiral fermion formulations. So far
the latter have been used mainly with standard Wilson
fermion kernels. The discussion presented in this paper
suggests that studies of bulk thermodynamics performed
with chiral fermions could profit a lot from the application
of improvement schemes similar to those used in stud-
ies of bulk thermodynamics with staggered fermions. This
certainly can be achieved using the concepts that have
been developed to improve standard staggered and Wilson
fermion action [30].
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Appendix A: Large-Nτ expansion
of the pressure

We give here some further details on the derivation of the
series expansion of the pressure, (33), and give explicit
formulas for the expansion coefficients An as well as the
polynomials Pn introduced in (33).

In order to derive (32) from (30) as the result of a Taylor
expansion in y∆ it is helpful to note that

∂ ln[1−B(y, z)(1− e−y∆)]

∂y∆
=

−1

z exp(y) exp(y∆)+1
.

(A.1)

It then is obvious that taking further partial derivatives
of this logarithm with respect to y∆ at y∆= 0 is equiva-
lent to taking derivatives with respect to y at y∆= 0. This
yields (32).
The series representation of the pressure, (33), is then

obtained from (32) after noting that the expansion coeffi-
cient at order 1/N2kτ receives contributions from all terms
in (32) with n≤ k as ∆ is a polynomial in y/Nτ starting
atO(1/N2τ ). Aside from a complicated factor that only de-
pends on the angular variables (φ, θ), these contributions
are proportional to y2k. Irrespective of the structure of the
dispersion relation of a particular action under consider-
ation the contribution of the radial integral in (32) to an
expansion coefficient at order 1/N2kτ thus has the unique
form
∫ ∞
0

dyy2k+2+n
(
∂n−1B(y, z)

∂yn−1
+
∂n−1B(y, z−1)

∂yn−1

)

= (−1)n−1
(2k+2+n)!

(2k+3)!

∫ ∞
0

dyy2k+3(B(y, z)+B(y, z−1))

= (−1)n
(2k+2+n)!

(2k+4)!
(2iπ)2k+4B2k+4

(
µ

2πT i
+
1

2

)
.

(A.2)

The angular contribution is given by

A2k =
b4+2k

4π3

k∑
n=1

1

n!

∫ π
0

dθ sin θ

∫ 2π
0

dφ

×
∑

(k1,...,kn)

n∏
j=1

akj (φ, θ) , (A.3)

where the inner sum extends over all n-tuples of positive
even integers with

∑n
j=1 kj = 2k. Here we have introduced

a multiplicative normalization factor, the Bernoulli num-
ber b4+2k, which arises from the integration of the radial
variable y at vanishing chemical potential and normalizes
the polynomials P2k(x) to unity for x= 0.
For a few small values of the expansion parameter k we

give here the explicit form of the polynomials P2k(x) de-
fined in (34):

P0(x) = 1+
30

7
x2+

15

7
x4 ,

P2(x) = 1+
147

31
x2+

105

31
x4+

21

31
x6 ,

P4(x) = 1+
620

127
x2+

490

127
x4+

140

127
x6+

15

127
x8 ,

P6(x) = 1+
12573

2555
x2+

2046

511
x4+

462

365
x6

+
99

511
x8+

33

255
x10 . (A.4)
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Appendix B: The propagator for hypercube
Wilson fermions

Using the shorthand notation, ci = cosapi and si = sin api
we write the denominator of the fermion propagator for
Wilson type fermions, (45), as

D(p4,p) =

(
1

4
TrK21+κ

2
1+ δ

2

)

+2 cosk4

(
1

4
TrK1K2+κ1κ2

)

+cos2 k4

(
1

4
TrK22+κ

2
2− δ

2

)
, (B.1)

where

κ1(p) = λ0+2λ1(c1+ c2+ c3)+4λ2(c1c2+ c2c3+ c3c1)

+8λ3c1c2c3 , (B.2a)

κ2(p) = 2λ1+4λ2(c1+ c2+ c3)+8λ3(c1c2+ c2c3+ c3c1)

+16λ4c1c2c3 , (B.2b)

δ(p) = 2ρ1+4ρ2(c1+ c2+ c3)+8ρ3(c1c2+ c2c3+ c3c1)

+16ρ4c1c2c3 , (B.2c)

and the Ki matrices are given by

K1 =
3∑
i=1

γiαi K2 =
3∑
i=1

γiβi . (B.3)

The coefficients appearing in this matrix representation
are

α1(p) = 2s1(ρ1+2ρ2(c2+ c3)+4ρ3c2c3) , (B.4a)

α2(p) = 2s2(ρ1+2ρ2(c3+ c1)+4ρ3c3c1) , (B.4b)

α3(p) = 2s3(ρ1+2ρ2(c1+ c2)+4ρ3c1c2) , (B.4c)

β1(p) = 4s1(ρ2+2ρ3(c2+ c3)+4ρ4c2c3) , (B.4d)

β2(p) = 4s2(ρ2+2ρ3(c3+ c1)+4ρ4c3c1) , (B.4e)

β3(p) = 4s3(ρ2+2ρ3(c1+ c2)+4ρ4c1c2) . (B.4f)

Finally, the expressions P , Q and R used in (45) and (49)
are obtained as

P (p) =
1

4
TrK1K2+κ1κ2 , (B.5a)

Q(p) =
1

4
TrK22+κ

2
2− δ

2 , (B.5b)

R(p) =
1

4
TrK21+κ

2
1+ δ

2 . (B.5c)

Appendix C: The expansion coefficient h6

We here give the explicit result for the sixth order ex-
pansion coefficient h6 appearing in (51), which has been

obtained using Mathematica. It reads

h6 =
−73

8316

(
−2288+734400λ23+470016λ

2
4

+(1175040−2585088r+1410048ρ2)λ3λ4

+82584ρ2−918432ρ
2
2+288000ρ3−6846336ρ2ρ3

−12690432ρ23+247392ρ4−6345216ρ2ρ4

−23376384ρ3ρ4−10685952ρ
2
4+29376λ

2
2(2−3r)

2

+1836λ21(1−2r)
2−1762560λ23r

− (940 032−470016r)λ24r+1057536λ
2
3r
2+5967r3

+58752λ2(2−3r)(4λ4(1− r)+λ3(5−6r))

+14688λ1(1−2r)(4λ4(1− r)+λ2(2−3r)

+λ3(5−6r))
)
, (C.1)

where we have introduced the shorthand notation

r = 8ρ2+32ρ3+32ρ4 . (C.2)

Appendix D: Matsubara sums for overlap
fermions

We give here some further details on the evaluation of
Matsubara sums appearing in calculations with overlap
fermions. Throughout this appendix we make the depen-
dence on the quark chemical potential explicit. We want to
evaluate the sum

S(α) =
1

Nτ

∑
p4

ln
(√
c2x2+ b2−α

)
, (D.1)

where x= sin((ap4− iµa)/2), and b, c and α are functions
of the three-momenta (p1, p2, p3) and ap4 =
2π(n+1/2)/Nτ with n= 0,±1, . . . ,±(Nτ −1)/2, Nτ/2.
To evaluate it, we first differentiate with respect to α,

dS

dα
=−

1

Nτ

∑
p4

1
√
c2x2+ b2−α

. (D.2)

This sum can be thought of as being part of the result of
a contour integral over the function

H(z) =
1√

−c2
(
z− 1

z

)2
/4+ b2−α

eµaNτ

z(z2Nτ +eµaNτ )

= f(z)
eµaNτ

z(z2Nτ +eµaNτ )
, (D.3)

where the second equality defines the function f(z). The
function H(z) has poles and cuts; the sum given in (D.2)
is related to the poles on the unit circle that arise from the
last factor in the denominator of (D.3). We want to evalu-
ate the contour integral along the path shown in Fig. 4. As
long as α ≡ α(p) is positive there are four additional poles
arising from f(z), which are located at ±z0 and ±1/z0,
with

z0 = e
x̃/2 , cosh x̃= 1+

2

c2
(b2−α2) . (D.4)
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Fig. 4. The locations of the poles and branch cuts of H(z) and
the choice of contour for Nτ = 4. The four poles of f(z) only
exist for α > 0. Also shown is the unit circle (dotted line) and
the location of poles arising from the exponential integration
kernel introduced in (D.3)

The residues at these points are listed in Table 3.
Moreover, there are branch cuts arising from the

square root, which we take to be located in the intervals
C− = (−∞, w0), C0 = (−1/w0, 1/w0), C+ = (w0,∞), with
sinh(w0) = b/c. We note that the contributions from cuts
with Rez > 0 are identical to those with Rez < 0.Moreover,
one can map the contribution from the positive part of the
central cut, (0, 1/w0), onto the interval C

+. With this we
arrive at the result

dS

dα
=Θ(α)

4α

c2 sinh x̃

(
1

eNτ (x̃−µa)+1
−

1

e−Nτ (x̃+µa)+1

)

−
2

π
Im

∫ ∞
w0

f(z)

z

×

(
1

(z2e−µa)Nτ +1
−

1

(z−2e−µa)Nτ +1

)
. (D.5)

Table 3. The four residues of H(z) at the poles of f(z) which
exist for α > 0

Pole: z Residue of H(z)

z0
2α

z20− (1/z0)
2

1
(
z20e
−µa
)Nτ +1

−z0
2α

z20− (1/z0)
2

1
(
z20e
−µa
)Nτ +1

1/z0
−2α

z20− (1/z0)
2

1
(
z−20 e

−µa
)Nτ

+1

−1/z0
−2α

z20− (1/z0)
2
·

1
(
z−20 e

−µa
)Nτ

+1

Integrating this again we obtain

S(α) =Θ(α)
1

Nτ

×
(
ln(1+e−Nτ (x̃−µa))+ln(1+e−Nτ (x̃+µa))+Nτ x̃

)

+
2

π
Im

∫ ∞
w0

dz

ln

(√
−c2
(
z− 1

z

)2
/4+ b2−α

)

z

×

(
1

(z2e−µa)Nτ +1
−

1

(z−2e−µa)Nτ +1

)
+const.

(D.6)

It easily is seen that the absolute value of the integral
appearing here is bounded by const exp(−Nτw0). When
we insert S(α) in (63) we thus find that only the first
term in (D.6) contributes to the large-Nτ expansion of the
pressure.
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